Let D be an open subset of the Riemann sphere C*, and let H^iD) be the uniform algebra of bounded analytic functions on D. We will assume always that H^iD) contains a nonconstant function, that is, that C*\D has positive analytic capacity. Our object is to study the maximal ideal space ΛT(D) of H°° (D) , and the "fibers" ^&(D) of £{Ώ) over points XedD. The basis for our investigation is the observation that the fiber ^tχ(D) depends only on the behavior of D near λ. This localization principle is used to obtain information related to the corona problem.
The corona of D is the part of ^£φ) which does not lie in the closure of D. Our main positive results are that D has no corona under either of the following assumptions:
(1) that the diameters of the components of C*\D (in the spherical metric, if D is unbounded) be bounded away from zero; or (2) that for some fixed m ^ 0, the complement of each component of D has ίgm components.
The proofs rest on the localization principle, and on Carleson's solution of the corona problem for the open unit disc [2] . Each of the above conditions includes the extension of Carleson's theorem to finitely connected planar domains due to Stout [9] .
In the negative direction, we present an example, due to E. Bishop, of a connected one-dimensional analytic variety W which is not dense in the maximal space of H°° (W) . The construction is similar to that of Rosay [8] .
1* Two basic lemmas. The localization process depends on the following two lemmas.
Proof. This is VIΠ.10.8 of [3] . The proof is the same as that of 1.1, except that one uses a sequence of g n whose supports shrink to {λ}. 2* The fibers* In order to define the fibers, we prove the following lemma. LEMMA 
If φe^(D),
then there is a unique point XeD such that φ{f) = /(λ) for all functions feH oa (D) which are analytic at λ.
Proof. If D is bounded, then the coordinate function z belongs to H^iD), and the point λ = φ(z) is easily seen to have the desired properties. Since D may be unbounded, we must be more circumspect.
For convenience, we rotate the sphere so that oo e D, and so that φ is not "evaluation at oo". Choose heH°°(D) such that /&(<*>) = 0 while φ(h) = 1. Then zheH°° (D) . We will show that λ = <p(zh) has the desired properties. Note that φ((z -X)h) = 0.
Suppose fe £Γ°°(Z)) extends to be analytic in a neighborhood of λ
For the uniqueness, suppose that λ' Φ λ belongs to D. We must find FeH^iD) which is analytic at λ and at λ', and which satisfies F(X) Φ F(\'). Using 1.2, we see that there is feH°°(D) such that / is analytic at λ and at λ',/(oo) = 0, and / is not identically zero on D. If z o eD is such that f(z 0 ) Φ 0, then one of the three functions A s/ι (/ -/<A»/O -So) e H°°(D) will separate λ and λ\ That does it.
The fiber ^C(JD) (F) . By the definition of the fiber, φ(f) is independent of the function F, subject to the conditions of 1.1. Using 2.2 one sees that φ is multiplicative on H^iDoU).
Moreover, if φ is already the restriction of some ψ e ^£ λ (Ό Π U) to H°° (D) , then the definition of φ shows that φ coincides with ψ. It follows that the correspondence φ <-+ φ is a homeomorphism, as was required. On account of 1.1, again, the fiber algebras are isomorphic. As another consequence of 2.3, we have the following extension of a result in [10] . 
. An open set D has the property (*) if and only if wherever E is a union of disjoint open sets, each one of which is conformally equivalent to D, then E is dense in
Proof. Suppose D has property (*), and suppose that f lf , f n 6 H°°(E) satisfy Σ IΛI ^ 8 > ° We can assume that \f ό | ^ 1, 1 ĵ ^ n. Using property (*), we can solve the relation Σ/^ = 1 on each subset of E conformally equivalent to D. The uniform estimate on the g/& guarantees that the resulting solutions belong to H CO 
(E). So E is dense in ^£(Έ).
On the other hand, if D does not have property (*), one easily constructs /" , f n e H°°(E) such that Σ \f s | 2> δ > 0, while Σ/i0i -1 has no analytic solutions j7 lf •••,#" which are bounded on all of E. Now Carleson [2] has shown that the open unit disc has the property (*). From this, and localization, we can use a simple topological argument, as in [5] , to deduce the following. The work of Behrens [1] shows that, under the hypotheses of 3.2, each fiber algebra A λ is a logmodular algebra (on its Shilov boundary). In particular, the Gleason parts of A λ are one point parts and analytic discs. Using a Melnikov criterion (cf. [4] ), it can be seen that each ^t x is a peak set of H°°(D), so that ^^ contains every part which it meets. Hence the Gleason parts of H°°{D), under the assumptions of 3.2, are the distinct components of D, together with one-point parts and analytic discs.
Concerning the existence of the constants C(n y δ) for multiply connected domains, one can say the following. Proof. Proceeding by induction, we can assume that the theorem is true, with m replaced by m -1, so that the required constants C w _i(w, δ) exist. We also assume that for some n and <5, the constant C m (n, δ) fails to exist. From this we will obtain a contradiction.
By hypothesis, there are domains D k , 1 ^ k < <χ>, which have m boundary components, such that property (*) fails for D k , with constant C(n, δ) -k. We can assume that D k is a circle domain, obtained from the open unit disc A by excising m -1 disjoint closed subdiscs, one of which is centered at 0. Let r k be the smallest number such that the annulus {r k < \z\ < 1} is contained in D k . There will be two cases to consider: lim sup r k < 1 and lim sup r k = 1.
First, suppose that lim sup r k = 1. By passing to a subsequence, we can assume that r k converges to 1 sufficiently rapidly, so that D k is conformally equivalent to a domain E k obtained from the rectangle | 2-&-i < Im φ < 2-\ _i < Re (z) < 1} by excising m -1 holes, so that at least one of the excised holes meets {Re (z) < -1/2}, and at least one meets {Re (z) > 1/2}. If E = ΌE k , then the proof of 3.1 shows that E cannot be dense in ^€ (E) . Now the open sets E+ = {z e E: Re (z) > -1/2} and E_ = {z e E: Re (z) < 1/2} are unions of domains, each of which has a complement with rgm -1 components. In view of the induction assumption, E + and E_ are dense in ^£(E^) and respectively. If XeE satisfies Re (λ) > -1/2, then ^£ λ (E) = while if XeE satisfies Re (λ) < 1/2, then ^t λ {E) = ^(£L). In any event, every Λ? λ {E) is adherent to E, so that E is dense in ^£(E). This contradiction allows us to reject the case lim sup r k = 1.
Hence we can assume that there is an r < 1 such that each D& contains the annulus {r < |λ| < 1}. Let D be the disjoint union of the sets D k , and let H°°(D) be the algebra of bounded functions on D which are analytic on each D k . Again the proof of 3.1 shows that D cannot be dense in the maximal ideal space ^(Ώ) of H°°{D).
Let N be the set of positive integers, and let Δ be the open unit disc. It will be convenient to regard I? as a subset of Δ x N, so that H°°(Δ x N) becomes a subalgebra of H°°(i)). Our argument at this point is motivated by Behrens' discussion of ^/έ{Δ x N) in [1] . As Behrens notes, Carleson's theorem shows that Δ x N is dense in ^ί(Δ x N) .
Let φe^iD), and let Z be the function in H~{D) defined by Z(X, n) = λ. We will find a net in D converging to φ, and for this we consider two cases. Proof. Suppose that for some integer n ^ 1 and some δ > 0, there is a finitely connected domain D k such that property (*) fails, with constant C(n, δ) -k. We can assume that D k is contained in the rectangle {-1 < Re (z) < 1, 2~k~ι < Im (z) < 2~k}, and that dD k meets both vertical sides of the rectangle. As in 3.1, \jD k is not dense in ^f(\jD k ).
Hence there is a point λe9(11-0*) such that^ ( UJ5fe) is not contained in the closure of l)D k . We can assume that Re (λ) ^ 0. Let E be the union of U D k and the rectangle {-1< Re (z)< -1/2, 0 < Im (z) < 1}. Then E is connected, and ^ME) = D k ). By 2.4, E is not dense in ^{E). That proves the theorem.
4* An example of Bishop* Here we present an example of a one-dimensional analytic variety W which is not dense in ^jt (W) . The example has been in circulation for some time, being originally discovered by E. Bishop some years ago, but the example has never appeared in print.
To construct the example, let S be the shell {(#, w): 1/2 < max (\z\, |w|) < 1} in C 2 . For each integer n, let V n be the set of (z, w) eS such that either 2 n z or 2 n w is a Gaussian integer. The V n form an increasing sequence of connected one-dimensional analytic subvarieties of S 9 whose union is dense in S.
Suppose / is a bounded function on U V n which is analytic on each V n . From Schwarz's lemma it is easy to see that / is uniformly continuous, so that / extends to be continuous and analytic on S. By Hartogs' theorem, / extends to be analytic on the unit polydisc in C\ Proof. Suppose there is such a constant. A normal families argument produces bounded functions / and g on U V n such that zf + wg = 1, and / and g are analytic on each V n . By the remarks preceding the lemma, / and g extend analytically to the unit polydisc, and the extensions satisfy zf + wg = 1. Substituting z = w = 0, we obtain a. contradiction, thereby establishing the lemma. Proof. Let W be the variety obtained from the disjoint (!) union of the V n , n ^ 2, by identifying some prescribed point p n of V n to the point of V n+1 with the same z and w coordinates, so that distinct identified pairs have distinct coordinates. Then W is a connected variety, the coordinate functions z and w remain defined on W, and they satisfy \z\ + \w\ > 1/2 on W. By 4.1, there fail to exist functions /, g eH°°(W) satisfying zf+ wg -1, so that W is not dense in
5.
Extension to Riemann surfaces* It is easy to extend Lemmas 1.1 and 1.2, which allow one to localize the fibers and fiber algebras,, to domains on a finite bordered Riemann surface. More specifically, we can easily handle the following situation.
Let D be an open set on a Riemann surface S, let λ e 3D, and let U be an open coordinate disc centered at λ. Suppose there is a function h meromorphic on ΰUί7 such that h(X) -0, k~ι{h(U)) = U, and H is a one-to-one covering of U over h{U). Now suppose D is a domain on a finite bordered Riemann surface. It is easy to see, using meromorphic functions, that 2.1 is valid, that is, that ^//{Ώ) can be partitioned into disjoint closed "fibers" ^£χ(D) over points λ e D. In this case, the required function h always exists, for any point λ e 3D, so that the fibers are local. In particular, if D is a finite bordered Riemann surface, then D is dense in ^£{D), and the fibers and fiber algebras associated with points of dD are identical to those associated with the disc algebra H°°(Δ). This latter theorem has been proved in a variety of ways in the literature. For one of the simplest proofs, see [7] .
If D is an open set lying on a compact Riemann surface, such that H°°(D) contains a nonconstant analytic function, and if the fiberŝ C(D) are defined as in §2, then again the ^f λ {D),XeD, form a partition of ^€{D) into disjoint closed subsets, and the localization Theorem 2.3 is valid. The details of the proofs are left.
